
 

 

Volatility Adjusted Discount Rates?  See Article below. 
 
From: Paul 
To:Dan 
Subject: Article on discount rates 
 
This again.  Please look at the example (bolded sections) and see if he has it right, especially the 
part towards the end.  Note that I do like the example because he talks in terms of accumulated 
value and not compound return. 
 
Do his numbers look right?  Any idea what the median accumulated value would be? (He does 
not say.  He only says that the expected value is a 40th %ile result, i.e., we would only hit or beat 
the expected value in 40% of the trials). 
 
Assuming they are, our reply would be that, yes, the median accumulated value would be less 
than $1 million but the expected accumulated value would still be $1 million.  And the lay 
person's reason would be that the EV is weighted by the size of the outcomes. 
 
I also note that he does not propose the solution that would seem to fit his example: use the 
median return for the discount rate. 
 
Paul 

 
From: Dan 
To: Paul 
Subject: RE: Article on discount rates 

Do his numbers look right? Yes. 
 
Any idea what the median accumulated value would be?  $897,500 ~ $315,000*[1.0723]^15  
(First convert the annualized assumptions 8.0% / 13.0% into log returns.) 
 
Assuming they are, our reply would be that, yes, the median accumulated value would be less 
than $1 million but the expected accumulated value would still be $1 million.  And the lay 
person's reason would be that the EV is weighted by the size of the outcomes.  Absolutely 
 
I also note that he does not propose the solution that would seem to fit his example: use the 
median return for the discount rate.  Yes, at least with respect to the frequency of meeting the 
obligation being now 50/50.  New discount rate = 7.23% ~ exp(.0698)-1,  initial assets would be 
$351,000 versus $315,000 an initial funding increase of $36,000.  Expected value in 15yrs = 
$1,113,000. 
 
Derivation of 6.98% 
 
Convert annual returns into log returns:  μ‐annual mean (arithmetic) return, σ‐annual standard 
deviation, M‐log mean, and S‐log standard deviation 
 
S = {ln[σ^2/(1+μ)^2+1]}^.5 
M = ln(1+μ) – S^2/2 
 



 

 

S = ln(.13^2/(1.08)^2+1)^.5 = 11.99% 
M = ln(1.08)‐.1199^2/2 = 6.98% 
 
So median wealth at time = t is just Asset(0)*exp(M*t) 
So mean wealth at time = t is just Asset(0)*exp((M+S^2/2)*t) 
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The Washington Post reports today (”Steep Losses Pose Crisis for Pensions”) on 
the sorry state of funding in state and local employee pensions, focusing on the 
impact of recent poor stock returns. While a poor investment climate certainly 
hasn’t helped, it’s not the biggest reason public employee funds are in bad 
shape. A bigger reason the plans are underfunded is that, in effect, we told 
them they can be. State and local pension plans use different and far less 
demanding accounting rules than do corporate pensions, even though public 
employee benefits are guaranteed by law while corporate pension benefits are 
not. 
  
The key issue is how to “discount” future benefit obligations to the present, 
which tells us how much plans must have on hand today to fund their future 
liabilities. A high discount rate lowers the present value of a future obligation, 
while a low discount rate implies a higher present value. 
Corporate pension plans must discount their future benefit liabilities at the low 
interest rates earned by high-quality corporate bonds, while public pension 
plans are allowed to use the much higher expected return on their assets, which 
include a high proportion of stocks and, more recently, hedge funds and 
private equity. The effects can be startling. 
  
For simplicity, imagine a pension plan that owed a lump sum of $1 million 
15 years from now. Discounting at a 6.25 percent interest rate—which is 
typical for corporate bonds today, although higher than several years ago—
the present value of that obligation would be approximately $403,000. That 
is, the pension would require current assets worth at least $403,000 to 
consider itself “fully funded.” 
  
Using an 8 percent return, which is not uncommon for public pension funds, 
the present value of that $1 million future obligation would be only 
$315,000. Plans that have investments worth at least $315,000 would 
consider themselves fully funded and, in some cases, use this status to 
justify increasing benefits. 
  
Defenders of current actuarial practice argue that public pension funds are 
different, since governments can’t go bankrupt—a proposition that may well be 
tested soon—and because they can always raise taxes to fund deficits. The 
latter may be true, but surely the point of pension accounting is to give 



 

 

taxpayers some idea of the contingent liabilities hanging over them—which 
current methods do not. 
  
Moreover, there is a good case that public pension funds should use lower 
discount rates than corporate pensions because public pension benefits are a 
safer asset for the beneficiary and thus a more binding obligation on the 
pension plan. Corporate pension benefits are not fully guaranteed if the 
sponsor goes bankrupt, while in most states accrued public pension benefits 
are treated as a binding obligation. In many states these benefits are 
guaranteed in state constitutions. 
  
If these pension obligations are as binding as state government bonds, it makes 
sense to discount them at the same rates. Nationally, the yield on a state 
government bond with a maturity of 15 years averages around 3 percent. 
Discounted at that rate, a $1 million future obligation requires $642,000 in 
assets today—over twice as much as the funds themselves would consider 
necessary. 
  
Moreover, while public pensions discount their future obligations at the 
“expected return” on their investments, this doesn’t mean we can actually 
expect those assets to meet their goals. The reason is that funds take as the 
expected return the average return on the asset classes they hold, and the 
average return is always higher than the median or typical return. Imagine 
that a public pension fund invested $315,000 in assets with an expected 
return of 8 percent and a standard deviation of returns of 13 percent. Using 
a Monte Carlo simulation we can check how often this portfolio is likely to 
exceed $1,000,000 in 15 years time. The answer is a little over 40 percent, 
meaning that there’s an almost 60 percent likelihood that even a “fully 
funded” public pension plan won’t be able to meet its obligations. 
  
Allowing public pension funds to discount their benefit obligations at the 
expected return on their investments doesn’t just lower the amount of funding 
they must undertake, it also encourages them to take more risk with their 
investments. Were a fund to hold only safe investments like Treasury bonds it 
could discount its benefits only at a low interest rate. But the riskier the 
investments they make the higher discount rate they can use. It’s easy to see 
where this leads. For instance, the expected return on the Profunds “Ultrabull,” 
which doubles the returns on the S&P 500 would be, well, double the expected 
return on the S&P 500—or around 20 percent per year. This would solve plans’ 
funding problems on paper, but it’s hard to believe this is the most sensible 
investment strategy to take. 
  
Accounting is a boring subject and so it’s not surprising that it doesn’t get 
much attention in the press or by lawmakers. But it’s hugely important. 
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Compounded Returns 
While one-period returns may be normally distributed, this will generally not be the case for the value of 
a portfolio many periods hence, due to the effects of compounding. If $1 is invested initially, the value 
will be (1+r1) at the end of period 1, where r1 is the rate of return in the first period. If money is neither 
withdrawn from nor added to the account so that (1+r1) is invested at the beginning of period 2, the 
value at the end of period 2 (v2) will be (1+r1)*(1+r2), where r2 is the rate of return in the second 
period: 

   v2 = (1+r1)*(1+r2) 

Equivalently: 

   v2 = 1 + r1 + r2 + r1*r2 

The final term reflects the effects of compounding. If r1 and r2 are normally distributed, r1*r2 will not 
be, and hence neither will v2. 

Assume that in each period there is a 0.50 probability that $1 will become (e+sd) and a 0.50 probability 
that it will become (e-sd). For example, if e = 1.10 and sd=0.15:
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Note that this is not a normal distribution, but it is symmetric, with an expected value relative of e and a 
standard deviation of sd. 

With compounding, the ending values after two periods for an initial investment of $1 would be those 
shown in the following diagram: 
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A somewhat different representation shows the one-period value relatives at each node in the diagram, 
rather than the cumulative values: 

 

In this case the one-period value relative distribution is the same at all points in the diagram: neither the 
ending values nor the probabilities associated with the branches change through time or depend on prior 
outcomes. Such returns are said to be independent and identically distributed (iid, for short). Since the 
distribution of possible one-period returns looks the same in such a situation, no matter what has 
happened in the past, returns can be said to follow a random walk. 

Note that this type of tree "folds back" on itself, so that there are only three distinct outcomes: 

   (e+sd)*(e+sd)       : probability = 0.25 
   (e+sd)*(e-sd)       : probability = 0.50 
   (e-sd)*(e-sd)       : probability = 0.25 

Expanding: 

  e^2 + 2*sd + sd^2  : probability = 0.25 
  e^2        - sd^2  : probability = 0.50 
  e^2 - 2*sd + sd^2  : probability = 0.25 

The expected ending value is found by weighting each outcome by its probability. In this case it will be: 

   ev2 = e^2 

Perhaps not surprisingly, the two-period expected value is simply the one-period expected value relative 
squared. 

There is more to be said, however. Consider the distribution of the ending values: 
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Note that the distribution is not symmetric, since the largest value is farther to the right of the most 
likely value than the smallest value is to the left of the most likely value. The distribution is skewed to 
the right. Note also that 1.1875 (=0.95*1.25), the most likely outcome, known also as the mode, is 
smaller than the expected outcome (1.1^2=1.21). 

In our two-period case the most likely outcome (e+sd)*(e-sd) is also the median outcome: the 
probability of a smaller value is equal to the probability of a larger value. It is thus of considerable 
interest. Its value is: 

  e^2 - sd^2 

which is equal to the expected one-period value relative squared minus the one-period variance.  

It is convenient to translate this ending value into a "what if" value called, in some contexts, the 
geometric mean -- the return per period which, if obtained with no variance, would have produced the 
same ending value. Here: 

   (1+g)^2 = e^2 - sd^2 

or: 

  (1+g)^2 = (1+er)^2 - sd^2 

where er is the one-period expected return. In this case: 

  (1+g)^2 = (1 + .10)^2 - 0.15^2 = 1.21 - .0225 = 0.1875 

and 

   1 + g = sqrt(1.1875) =  1.0897 

Thus g = 8.97%, which is less than 10.0%, the one-period expected return. 

While this expression is perfectly usable, practitioners often adopt a simpler approximation. Expanding 
the squared expressions gives: 
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  1 + 2*g + g^2 = 1 + 2*er + er^2 - sd^2 

or: 

  er - g = (g^2 - er^2)/2 + (sd^2)/2 

Since er and g are generally significantly less than one (e.g. 0.10 and 0.09), both er^2 and g^2 will be 
even smaller (e.g. 0.0100 and 0.0081). Moreover, half the difference between g^2 and er^2 will be even 
smaller yet (e.g. -0.00095). Hence it will be approximately true that: 

  er - g = (sd^2)/2 

or 

  g = er - (sd^2)/2 

For example, if er = 0.10 and sd = 0.15, then: 

  g = 0.10 - 0.0225/2 = 0.10 - 0.01125 = 0.08875 

or 8.875%, only slightly different from the more precise estimate of 8.97%. 

If the return on a diversified stock market portfolio is assumed to be iid with a standard deviation of 
15% per year, the median long-term return (g) will be approximately 1.125% ((0.15^2)/2) below the 
expected one-period return (e). If the standard deviation of return were 20%, the difference would be 
2.0% ((0.20^2)/2). And so on. 

The geometric mean return will be less than the expected return (sometimes termed the arithmetic 
mean), as long as there is some variation in returns. Moreover, the difference between the geometric and 
arithmetic means will be greater, the greater the amount of such variance. 

What about longer periods? Consider the ending value of a portfolio n periods hence, where n is an even 
number. The most likely and median outcome will have n/2 "up moves" and n/2 "down moves". Hence, 
the n-period median ending value (evn) will be: 

  evn  = ( (e+sd)^(n/2))*((e-sd)^(n/2) ) 
       = ((e+sd)*(e-sd))^(n/2) 
       = (e^2 - sd^2)^(n/2) 

The geometric mean will be the value that satisfies: 

   (1+g)^n = (e^2 - sd^2)^(n/2) 

or: 

  ((1+g)^2)^(n/2) = (e^2 - sd^2)^(n/2) 

or: 

  (1+g)^2 = e^2  - sd^2 
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which is precisely the relationship found earlier. 

  

Lognormal Distributions 
It is common in asset allocation studies to assume that returns are independent and identically 
distributed. This has important implications for the distribution of long-term returns. 

Let v1,v2,...,vn be the value relatives for a portfolio in periods 1,2,..,n, respectively. Assuming an initial 
investment of $1 with periodic compounding and no withdrawals or additional investments, the ending 
value in period n will be: 

  evn = v1*v2*...*vn 

Now, take the logarithm of each side: 

  ln(evn) = ln(v1*v2*...*vn) 

or: 

   ln(evn) = ln(v1) + ln(v2) + ... + ln(vn) 

Ex ante, each of the variables on the right-hand side is unknown. Each will be drawn from a distribution 
(that of ln(v)) and each draw will, by assumption, be independent of every other draw. 

Recall the central limit theorem, which holds that the sum of a set of independent random variables will 
have a distribution that will be closer and closer to normal, the greater the number of variables in the 
sum. For a sufficiently large value of n, ln(evn) will be normally distributed, or nearly so. 

We say that variable x has a lognormal distribution if the distribution of ln(x) is normal. Thus long-term 
compounded values tend to be lognormally distributed if returns are independent. Note that this result 
follows, no matter what the distributions of one-period returns may be, as long as the returns are 
independent. 

The figures below show distributions of ln(evn) and evn when evn is lognormally distributed.
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Note that the distribution of evn is skewed to the right, due to the relationship between evn and ln(evn) 
and the symmetry of the distribution of the latter. Note also that m -- the modal and median value of evn 
will be less than e, the expected value. 

To fix ideas, consider the two-period example discussed earlier. The one-period value relatives are: 

   e+sd  with probability = 0.50 
   e-sd  with probability = 0.50 

In logarithmic terms: 

  ln(e+sd) with probability = 0.50 
  ln(e-sd) with probability = 0.50 
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The expected logarithm is thus: 

  0.50*ln(e+sd) + 0.50*ln(e-sd) 
       = 0.50*(ln(e+sd)+ln(e-sd) 
       = 0.50*ln((e+sd)*(e-sd)) 
       = 0.50*ln(e^2 - sd^2) 

Let ln(1+g) represent this mean (for reasons that will become clear shortly). Then: 

  ln(1+g) = 0.50*ln(e^2 - sd^2) 

and: 

  (1+g)^2 = e^2 - sd^2 

which is the formula obtained earlier for the geometric mean. 

We know that ln(1+g) is the mean of the distribution of ln(ev1). It follows that n*ln(1+g) is the mean of 
the distribution of ln(evn). But since the modal (median) ending value will equal the exponential of the 
mean value of the logarithm: 

  median(evn) = (1+g)^n 

Thus the median outcome will equal the value obtained by compounding each period at the geometric 
mean rate of return. There is a 50% chance that the actual value will exceed this amount and a 50% 
chance that it will fall below it.  

In some cases it is necessary to determine the moments of the distribution of the logarithm of a 
lognormally-distributed value from those of the value itself or vice-versa. The formulas for doing so are 
slightly complicated but easily computed. Assume that log(y) is normally distributed with mean el and 
standard deviation sl. Then the mean (e), variance (v) and standard deviation (s) of y will equal: 

e = exp ( el + ( ( sl^2 ) / 2 )); 
v = exp ( 2*el + ( sl^2 ) ) * ( exp (sl^2) - 1); 
s = sqrt ( v ); 

where: 

exp ( z ) = the exponential of z (that is, e raised to the z'th power) 

If the mean and variance of y are known, the moments for the distribution of log(y) can be found by 
sequentially evaulating the equations below: 

b = sqrt ( log ( ( v / (e^2) ) + 1) );  
a = 0.5 * log ( (e^2) / exp(b^2) ); 

where: 

log ( z ) = the natural logarithm of z 
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Discounting Projected Values 
In corporate finance and investment practice it is common to project a set of cash flows, then discount 
them using an appropriate cost of capital or discount rate. If the resulting value is less than the cost of 
the investment, it is rejected. If the value exceeds the cost, the investment is accepted. Key to the 
validity of such a procedure is the choice of an appropriate cost of capital or discount rate. 

We will not attempt a complete discussion of this topic, but it is useful to analyze the arguments for 
using a geometric mean vis-a-vis an arithmetic mean for such purposes. 

Consider our example in which a standard market investment produces a return of (e+sd) with 
probability 0.50 and a return of (e-sd) with probability 0.50 in each period. The expected cost of capital 
for such an investment is e, while the geometric mean is given by: 

  (1+g)^2 = e^2 - sd^2 

Now consider a project that is expected to make a payment two periods hence of: 

  (e+sd)*(e+sd)  with probability 0.25 
  (e+sd)*(e-sd)  with probability 0.50 
  (e-sd)*(e-sd)  with probability 0.25 

We know that such a project is worth $1 since its payments can be replicated in the market for this 
amount. 

In practice those charged with assessing the project will be asked to produce a single set of cash flows 
over time (in this case, one number for the ending cash flow). A discount rate will then be used to 
compute the present value. 

If the project's cash flow is implicitly or explicitly estimated by taking all possibilities into account as 
well as the associated probabilities, the result will be equivalent to an expected value -- in this case, e^2. 
Clearly, such an estimate should be discounted using the expected return (arithmetic mean). Here: 

  (e^2)/(e^2) = 1 

which is the correct present value. This is the method advocated by many who have addressed the issue. 
However the argument for using the expected return as a discount rate assumes that that the projection 
process takes into account all possible future cash flows and the accompanying probabilities. In many 
cases a much simpler approach is utilized. Imagine a situation in which only the most likely (or "50/50") 
outcome was considered. In our example, the projected cash flow would then be: 

  (e+sd)*(e-sd) = (1+g)^2 

If this were discounted using the expected cost of capital, the resultant value would be less than $1 -- 
clearly a wrong answer. The correct value would be obtained by discounting with the geometric mean: 

  ((1+g)^2)/((1+g)^2) = 1 

In practice cash flows are projected for many different periods. Moreover, the assumptions utilized to 
make such projections are often highly implicit. Those making projections may even adjust their 
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estimates to assure a particular outcome if the "hurdle rate" (cost of capital) is known beforehand. Thus 
the nature of the overall process must be known before a "theoretically correct" procedure can be 
determined. In some cases an expected return may be appropriate discount rate, but in many instances a 
geometric mean (median return) may provide more correct results. 
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